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Lesson 3

TRIGONOMETRY

Task.  The skills and knowledge taught in this lesson are common to all missile repairer tasks.

Objectives.  When you have completed this lesson, you should be able to explain how trigonometric functions are derived and be able to use those functions to solve trigonometric problems correctly.

Conditions.  You will have this subcourse book and work without supervision.

Standard.  You must score at least 75 on the end-of-subcourse examination that covers this lesson and lessons 1, 2, and 4 (answer 23 of the 30 questions correctly).

The development and operation of the guided or ballistic missile are based, to a large degree, upon the basic principles of trigonometry.  The problems of determining the position of the target in relation to the launch point and the calculations incident to sending a missile to some predetermined point in space or to a point on the surface of the earth all involve some form of trigonometry.  Furthermore, many electrical problems, when reduced to triangular equivalents, can be easily and quickly solved by use of trigonometry.

Trigonometry is that phase of mathematics which is concerned with the relationships of sides and angles of a triangle to each other.  Several special relationships called trigonometric functions hold true in a right triangle.  These trigonometric functions will be the subject of discussion in this lesson.

In the right triangle (figure 3-1), for a given condition of angles, the sides of the triangle will always increase or decrease in the same mathematical proportion and the angles will always total 180°.  For example, consider the following triangle.
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Figure 3-1.  Right Triangle Enlarged.

In it, the angle θ  =  30°, and the length of the hypotenuse is equal to 1 ft. (θ means "unknown angle," but is often used as angle θ.)  Accurate physical measurement of side BC will show that it is equal to 6 in or 0.5 ft, and side AC will be 0.866 ft.  Double the length of AB to AB', making it exactly 2 ft long.  Actual measurement will show that B'C' is exactly 1.0 ft long, and side AC' is now 1.732 ft long.  Stating this relationship in a slightly different manner, you can say that side BC divided by AB is equal to side B'C' divided by AB' or
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providing that angle θ did not change from its original value of 30°.

DERIVATION

Bearing in mind the principles established in the previous paragraph, the ratio of any two sides of a right triangle will always produce the same quotient, regardless of the magnitude of the sides, provided the angles remain the same.  If each of the possible ratios of the sides of a right triangle were listed and given a specific name, you would have the so-called trigonometric functions.  Consider the general right triangle in figure 3-2.
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Figure 3-2.  Right Triangle.

For the angle θ, there are six possible side ratios which can exist.
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Note that the last three ratios are merely the reciprocals of the first three.  By relabeling the above ratios as the sine, the cosine, the tangent, the cosecant, the secant, and the cotangent respectively, of the angle é, you can say the following.
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=
cotangent of angle θ (cot θ)

Since the trigonometric functions (sine, cosine, etc.) are merely numerical quotients of a mathematical ratio, you can see that by knowing any two conditions within any of the preceding formulas, you could obtain the third factor.  Since the numerical equivalents for the trigonometric functions of any angle from 0 to 90 are listed in tables, it becomes a simple matter to solve mathematical problems involving these ratios.  However, to better understand these tables and their uses, construct an abbreviated table based upon the angles 0°, 30°, 45° 60°, and 90°.  To simplify your calculations, you need to accept certain axioms from geometry:

· In a 30° - 60° right triangle, the side opposite the 30° angle is equal to one-half of the hypotenuse.

· In a 45°- 45° right triangle, the hypotenuse is equal to the side opposite multiplied by (2.

You also need to simplify your problem by making the hypotenuse a length of one unit.  A slight amount of imagination must be exercised in visualizing a right triangle with one of the acute angles as 0° and the other as 90°.  However, if you imagine the conditions at "very nearly" 0° and 90°, the problem becomes more realistic.

CONDITION I.  Find the value of the trigonometric functions when θ = 0° (figure 3-3).
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Figure 3-3.  Condition I Triangle.

Note.  For 0°, the hypotenuse would coincide with the side adjacent making the opposite side equal to zero.
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CONDITION II.  Find the value of the trigonometric functions when θ = 30° (figure 3-4).
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Figure 3-4.  Condition II Triangle.

By the Pythagorean theorem,
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tan 30°
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CONDITION III.  Find the value of the trigonometric function when θ  =  45° (figure 3-5).
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Figure 3-5.  Condition III Triangle.
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sin 45°
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csc 45°
=

[image: image50.wmf]Opposite

Hypotenuse


=

[image: image51.wmf]707

.

0

1


=
0.707,









sec 45°
=

[image: image52.wmf]Adjacent

Hypotenuse


=

[image: image53.wmf]707

.

0

1


=
1.414,









cot 45°
=

[image: image54.wmf]Opposite

Adjacent


=

[image: image55.wmf]707

.

0

707

.

0


=
1

CONDITION IV.  Find the value of the trigonometric functions for θ = 60°
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Figure 3-6.  Condition IV Triangle.
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CONDITION V.  Find the value of the trigonometric functions when θ = 90° (figure 3-7).
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Figure 3-7.  Condition V Triangle.

In this instance, the hypotenuse coincides with the opposite side, and the adjacent side is reduced to zero.

Therefore,

sin 90°
=
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The next step is to list the previously calculated data into tabular form (table 3-1).
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Table 3-1.  Trigonometric Functions.

Except for the intermediate values of angles from 0° to 90°, we have constructed an actual table of trigonometric functions.  Note some characteristics of the table.  Notice that as the sine increases in value from 0 to 1 (from 0° to 90°), the cosine decreases from 1 to 0 at the same rate.  Similar relationships hold true for the other functions.  Refer to table 3-8 for a complete table of trigonometric functions.

TRIGONOMETRIC FUNCTIONS

Use

To illustrate the use of trigonometric functions and the use of the trigonometric table developed in the preceding paragraph, follow the solving of the problem illustrated in figure 3-8.
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Figure 3-8.  Hypothetical Triangle.

Problem:

A target is located 173.2 miles north and 100 miles east of your location.  Determine the range and azimuth.

Solution:

First determine θ, remembering that the tangent of

θ
=
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tan θ
=
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tan θ
=
0.577





Returning to the table developed earlier, you find that 0.577 in the tangent column corresponds to 30°.  Therefore,


=  30°

With θ established, you can now solve for R.  Recalling that the sine of an angle is equal to
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you can write the following relationship.

sin θ
=
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sin 30°
=

[image: image86.wmf]R

100



Again referring to the table, you find that the sin of 30ø is 0.5.  Substituting θ in the formula, you have

0.5
=
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For the given conditions, your answer is now


range (R)  =  200 miles, and


azimuth (θ)  =  30°.

Quadrants

The functions of angles greater than 90° can be determined by resolving them into an equivalent angle between 0° and 90°.  Consider the following coordinate system (figure 3-9) consisting of a Y or vertical axis and an X or horizontal axis.  Let all values of X to the right of the origin be positive and all values to the left be negative.  Let values of Y above the X axis be positive and those below be negative.  Furthermore, label the four quadrants counter-clockwise I through IV.

Consider a unit length vector rotating counterclockwise about the point of origin, starting at the positive X axis at the zero point.  At any given instant for the angles 0ø through 360°, the trigonometric functions can be resolved into X and Y components and the unit vector in relation to the angle B between the unit vector and the X axis (figure 3-10).

Summarizing these relationships can be tabulated as in table 3-2.

Specific examples of determining the trigonometric functions of angles greater than 90ø would be as in table 3-3.
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Figure 3-9.  Coordinate System.
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Figure 3-10.  Trigonometric Functions as X and Y Components and Unit Vector Relationships.  (cont)
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Figure 3-10.  Trigonometric Functions as X and Y Components and Unit Vector Relationships.

Table 3-2.  Signs of Trigonometric Functions.
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Table 3-3.  Determining Trigonometric Functions, Angles Greater than 90°.
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Radian Measure

In addition to designing the measurement of angles in terms of degrees, it is often necessary or convenient to utilize the system of radian measure (figure 3-11).  Specifically, a radian can be defined as "the angle at the center of a circle of radius  r  that subtends an arc of length  r."
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Figure 3-11.  Radian.

More precisely, you can state that 360° (one complete circle) is equal to 2 ( radians ((  =  approximately 3.141593).

Therefore,
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  =  57.29578  =  57°  17'  45".

A tabular listing of the more common radian and degree equivalent is listed in table 3-4.

Table 3-4.  Degree-Radian Equivalents.
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Graphic Representation

Frequently, it is necessary to represent the variations of the trigonometric functions in graphic form (figure 3-12).  In this subcourse, only the method utilized for developing the sine, cosine, and tangent functions will be discussed; however you would develop the other function curves the same way.  Assume that you want to plot the positive or negative value of the sine of an angle as the vertical (Y) ordinate of a graph and the value of θ (the particular angle in question) as the horizontal ordinate of the same graph.  The following equation would then summarize our problem.


Y  =  sin θ
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Figure 3-12.  Graphic Representation of the Sine Function.

For a moment, consider again the unit vector rotating about the origin of a rectangle coordinate system.  As θ increases from 0° to 360°, the sine of the angle will vary between the extremities of +1 and -1 in value.  You will draw your gragh immediately to the right and plot the various values of Y or the sine of θ throughout one complete revolution (table 3-5).

Table 3-5.  Values of the Sine θ for One Revolution.
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The plot of the cosine of angle θ would follow the same procedure you used in plotting the sine curve.  The general expression Y  =  cos θ would define the plotted curve (figure 3-13 and table 3-6).
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Figure 3-13.  Graphic Representation of the Cosine Function.

Table 3-6.  Values of the Cosine θ for One Revolution.

[image: image100.png]8 Cos 8 ] Cos 8 ] Cos 6
0 1 135° -0.707 270° 0
30" 0.866 150° -0.866 300" 05
45° 0.707 315° 0.707
60° 05 330° 0.866
90° 0 225° =0.707 360° 1
120° -05 240° -05





The plot of the tangent curve produces a different curve in that it is discontinuous at several points.  See figure 3-14 and table 3-7.

Remember, the term infinity does not refer to a number of specific magnitude.  It more accurately refers to the meaning "approaching an infinite value."
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Figure 3-14.  Graphic Representation of the Tangent Function.

Table 3-7.  Values of the Tangent θ for One Revolution.
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Table 3-8.  Values of Trigonometric Functions.
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